The relaxation of uniform quantum systems with finite-range interactions after a quench is generically driven by the ballistic propagation of long-lived quasi-particle excitations triggered by a sufficiently small quench. Here we investigate the case of long-range (1/r α ) interactions for d-dimensional lattice spin models with uniaxial symmetry, and show that, in the regime d < α < d + 2, the entanglement and correlation buildup is radically altered by the existence of a non-linear dispersion relation of quasi-particles, ω ∼ k z<1 , at small wave vectors, leading to a divergence of the quasiparticle group velocity and super -ballistic propagation. This translates in a super-linear growth of correlation fronts with time, and sub-linear growth of relaxation times of subsystem observables with size, when focusing on k = 0 fluctuations. Yet the large dispersion in group velocities leads to an extreme wavelength dependence of relaxation times of finite-k fluctuations, with entanglement being susceptible to the longest of them. Our predictions are directly relevant to current experiments probing the nonequilibrium dynamics of trapped ions, or ultracold magnetic and Rydberg atoms in optical lattices.
Introduction. The relaxation of the pure state of a generic quantum many-body system following a quantum quench is a complex phenomenon: there each subsystem sees its reduced state reach thermal equilibrium (or a non-equilibrium steady-state) via the drastic rearrangement of correlations with its exterior, acting as a bath [1, 2] . A particularly dramatic case -yet highly relevant experimentally -concerns the choice of a factorized initial state, in which each subsystem admits a pure-state (zero-entropy) description. The buildup of entropy and fluctuations towards equilibration requires therefore the growth of entanglement and correlations between subsystems, namely the flow of information from each subsystem to its exterior. The post-quench dynamics of entanglement and correlations strongly depends a priori on the peculiar system under investigation. Yet, in generic systems with short-range (SR) interactions and translational invariance, a seemingly universal picture emerges for sufficiently small quenches, as shown both theoretically (see Ref. [3] and refs therein) as well as experimentally [4, 5] . In such a picture (see Fig. 1 (a) for a sketch) correlations and entanglement establish because of the ballistic propagation of quasiparticle excitations (QP) triggered by the quench. As a consequence 1) correlations reorganize over distances which grow linearly in time (within a so-called "causal cone" or "light cone") consistent with Lieb-Robinson bounds [6] on the propagation of signals in quantum systems -and, as a consequence, subsystem fluctuations (which are integrals of correlation functions) grow linearly in time as well. The velocity of correlation fronts is twice the maximum group velocity of the QP -this is consistent with correlations among two points being established by counter-propagating QP originating from the midpoint; 2) entanglement entropy (EE) grows linearly in time as a consequence of ballistic QP traverspartimento di Fisica e Astronomia dell'Università di Bologna, Via Irnerio 46, 40127 Bologna, Italy 3 INFN, Sezione di Bologna, Via Irnerio 46, 40127 Bologna, Italy and 4 Institut Universitaire de France, 103 boulevard Saint-Michel, 75005 Paris, France (Dated: March 21, 2017) The relaxation of uniform quantum systems with finite-range interactions after a quench is generally driven by the ballistic propagation of long-lived quasi-particle excitations triggered by a suently small quench. Here we investigate the case of long-range (1/r ↵ ) interactions for d-dimensional ttice spin models with uniaxial symmetry, and show that, in the regime d < ↵ < d + 2, the ennglement and correlation buildup is radically altered by the existence of a non-linear dispersion lation of quasi-particles, ! ⇠ k z<1 , at small wave vectors, leading to a divergence of the quasiarticle group velocity and super -ballistic propagation. This translates in a super-linear growth of rrelation fronts with time, and sub-linear growth of relaxation times of subsystem observables ith size, when focusing on k = 0 fluctuations. Yet the large dispersion in group velocities leads to n extreme wavelength dependence of relaxation times of finite-k fluctuations, with entanglement eing susceptible to the longest of them. Our predictions are directly relevant to current experients probing the nonequilibrium dynamics of trapped ions, or ultracold magnetic and Rydberg toms in optical lattices.
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The relaxation of the pure state of a many-body system following a quantum plex phenomenon: there each subsystem state reach thermal equilibrium (or a steady-state) via the drastic rearrangeions with its exterior, acting as a bath larly dramatic case -yet highly relevant concerns the choice of a factorized iniich each subsystem admits a pure-state escription. The buildup of entropy and ards equilibration requires therefore the lement and correlations between subsyse flow of information from each subsysor. The post-quench dynamics of entanrrelations strongly depends a priori on tem under investigation. Yet, in generic ort-range (SR) interactions and transce, a seemingly universal picture seems ciently small quenches, as shown both e Ref. [3] and refs therein) as well as ex-5]. In such a picture (see Fig. 1 (a) for a ons and entanglement establish because propagation of quasiparticle excitations quench. As a consequence 1) correlaover distances which grow linearly in so-called "causal cone" or "light cone") 2) entanglement entropy grows linearly in sequence of ballistic quasi-particles traver tem [7] . Very interestingly, the above universal p quench dynamics breaks down in the pre ing a subsystem [7] . Very interestingly, the above universal picture of postquench dynamics breaks down in the presence of longrange (LR) interactions which decay as a power-law 1/r α of the distance r -stirring a considerable recent activity both in theory [8] [9] [10] [11] [12] [13] [14] [15] [16] and experiments [17, 18] . In particular, in contrast with SR interactions, one generally observes that 1) correlation fronts can move in a superballistic fashion (namely faster than linearly in time) for sufficiently small values of α; 2) the growth of EE can be sub-linear in time (and as slow as logarithmic for small α). This very rich phenomenology lacks universal traits, and it escapes so far a unifying picture; as an example, rigorous generalizations of the Lieb-Robinson bounds to LR interactions [12, 19, 20] Inspired by the potential of the above cited experimental setups to realize quantum spin models with LR interactions, we provide in this work a complete picture of the quench dynamics in paradigmatic XX spin models with 1/r α interactions in arbitrary (d) dimensions. Indeed we show that a QP description -via linear spin-wave (LSW) theory, corroborated in d = 1 by density-matrix renormalization group (DMRG) calculations -allows one to achieve a unifying picture for the dynamics of correlations, fluctuations and entanglement. The contradiction between the fast dynamics of correlations and fluctuations and the slow growth of entanglement is resolved by a scenario of multi-speed prethermalization [24] (see sketch in Fig. 1(b) ), in which LR interactions lead to the divergence of the maximum group velocity, so that the velocities of QPs moving with different wavevectors span an infinite range. Different Fourier components of local fluctuations possess relaxation times which scale as the inverse of the corresponding group velocities, allowing one to reconstruct (both theoretically as well as experimentally) the multi-speed nature of the prethermalization process. The growth of the EE, on the other hand, is sensitive to the dynamics of fluctuations at all wavelengths, and as a consequence it is much slower than the evolution of the fastest fluctuations.
Model and methods.-We center our analysis on the quantum XX model with 1/r α interactions (hereafter denoted as αXX model), describing quantum s-spins localized at the nodes of a d−dimensional lattice, interacting with a power-law decaying exchange interaction :
Here S β i (β = x, y, z) are quantum spin operators defined on the sites of a d-dimensional hypercubic lattice. The results presented here are restricted to the case s = 1/2, although they are immediately generalizable to arbitrary s values. Special emphasis is put on the case α = 3, relevant to dipolar systems [11, 21, 22] . We focus our study on the unitary quench dynamics |Ψ(t) = exp(−iH αXX t)|Ψ(0) generated by the αXX Hamiltonian starting from the factorized state |Ψ(0) = | ↑ x ⊗N of spins polarized along the x axis, which is both of fundamental interest, as well as of practical relevance for experiments [25] . When considering the case of ferromagnetic interactions J > 0, one immediately recognizes that |Ψ(0) is the mean-field ground state of the Hamiltonian -which is expected to be an increasingly good approximation to the exact ground state of the αXX model for large d and small α [26] . As a consequence, the energy injected by the quench leads the system to relax towards a low-temperature regime which exhibits long-range ferromagnetic order in the xy plane -this is true in d = 3 for any α, while it requires α < 2d in d = 1, 2 to stabilize long-range order at low but finite temperatures [27] [28]. Under these circumstances, a description of the Hamiltonian in terms of harmonic fluctuations around the meanfield ground state -namely LSW theory -is very well justified, and its quantitative validity can be monitored systematically during the time evolution. Moreover, as discussed in the Supplementary Material (SM -[27]) the time-reversal symmetry of the αXX Hamiltonian and of the initial state leads to the remarkable property that the forward-and backward-evolved states |Ψ(t) and |Ψ(−t) give the same expectation values for time-reversal symmetric observables as well as for the EE: as a consequence all of our results apply as well to the evolution driven by the antiferromagnetic Hamiltonian (J < 0), for which the initial state we choose is a superposition of highly excited eigenstates.
The central output of LSW theory [26, 27] is the reduction of the Hamiltonian Eq. (1) to that of free bosonic
where γ k = r =0 e ik·r |r| −α is the Fourier transform of the interaction. The long-wavelength behavior of this dispersion relation is strongly affected by the value of the α exponent: indeed for small k one finds [26] that ω k ≈ c(α)k z , where the exponent z has value z = 1 for α ≥ d+ 2 -continuously connecting with the well-known case of nearest-neighbor interactions [29] -while z = (α−d)/2 < 1 for d ≤ α ≤ d + 2, and z = 0 for α ≤ d. When z = 1 the QP excitations have a well-defined, α-dependent maximum group velocity v max = c, which also sets a characteristic time scale t * (l) = l/(2c) for relaxation of observables in a subsystem of linear size l, in accordance with the universal SR picture of post-quench dynamics. On the other hand, the regime with z < 1 is characterized by a divergent group velocity as k → 0, v max ∼ k z−1 , suggesting the breakdown of the SR picture. This result is on par with the field-theoretical (i.e. long-wavelength) description of the Hamiltonian Eq. 1, corresponding to a 2-component (d + 1)-dimensional critical field theory with dynamical critical exponent z [27]. In the following we shall particularly focus on the intermediate regime d ≤ α ≤ d+2, exemplified by the experimentally relevant case of dipolar interactions (α = 3) in d = 2. [30] From straight to curved light cones. A fundamental trait of the post-quench dynamics is represented by the characteristic buildup of spin-spin correlations starting from the uncorrelated, factorized state -in the following we shall concentrate on the correlation function for the z spin component [27] for the details of its LSW calculation). In the case of α > d + 2 (so that z = 1) our LSW results in d = 2, as well as the DMRG ones in d = 1, show a ballistic propagation of the correlation front -in the LSW calculation the speed of propagation is consistent with 2c(α). When instead the dynamical exponent z becomes different from 1, the long-wavelength dynamics of the system loses the Lorentz invariance characteristic of the z = 1 case, and time and space enter very differently in the low-energy description. This insight suggests that the distance over which correlations establish at time t advances as r ∼ t 1/z , namely super -ballistically, as a result of the divergence of the group velocity of the fastest QP. This is precisely what is observed in both the d = 2 LSW data [see Fig. 2 Our results extend the role of the z exponent to the case of global quenches beyond linear response, and within the microscopic description of bosonic critical and LRinteracting models.
Multi-speed evolution of finite-k fluctuations. The appearance of a curved space-time correlation front, while revealing the existence of a divergent group velocity for QP, remains silent about the fact that this group velocity spans the whole interval from ∞ to 0 when moving from the center to the edge of the Brillouin zone. But a deeper analysis of the spatial structure of correlations inside the curved light cone can capture the extreme dispersion of group velocities of QPs. The guiding idea is that the group velocity governs the evolution of wave packets -namely of superpositions of Fourier modes with frequencies tightly distributed around a reference value. For the quench under examination, LSW predicts that the evolution of the spin structure factor
where g
k . In order to superpose these Fourier modes into a "wave packet" one can consider the evolution of the structure factor on a subsystem A of linear size l A (obtained by replacing N −1
ij∈A in the above expression), which takes the form of a convolution sum in Fourier space
Here f A is the Fourier transform of the characteristic function of subsystem A [27], which, for l A 1, has support roughly corresponding to the tight interval
⊗d . As a result the subsystem structure factor takes the approximate form
where
is the a-th component of the group velocity, and sinc(x) = sin(x)/x. Hence the subsystem structure factor exhibits the characteristic time dependence of a wave packet, with oscillations at frequency 2ω k contained within an envelope that decays over a characteristic time scale
is a sum of close-by frequencies which dephase over a characteristic time scale t * k , directly related to the group velocity. As shown in the SM [27], Eq. (5) provides an excellent approximation to the LSW data for l A ∼ O(10). This implies that the subsystem structure factor exhibits a peculiar form of multispeed pre-thermalization, in which each Fourier component relaxes over a strongly k-dependent time scale, which in turn is linear in the subsystem size for finite k -see Fig. 3(a) . On the other hand for k = 0 the group velocity diverges, which for a subsystem of size l A implies that v G (0) ∼ c l 
where subsystems A i 's tile regularly (namely without overlaps) the subsystem A. As shown in the SM [27], the k-dependent correlation function C zz k after the quench exhibits a correlation front which advances at a speed 2v G,a (k) in the a-th direction (or a k-dependent light cone, by virtue of the strong group velocity dispersion), and consistently its integral on a region of linear size l A relaxes on the above-cited characteristic time scales t * k . Entanglement dynamics. Finally we turn to the dynamics of the entanglement entropy (EE), defined as E A = −Trρ A log ρ A , where ρ A is the reduced density matrix of subsystem A. The EE is sensitive to the relaxation of all forms of fluctuations, and therefore, due to the extreme dispersion in relaxation timescales for the Fourier components of the fluctuations, it can be expected to exhibit a much slower relaxation than longwavelength fluctuations. Fig. 3(c) shows indeed that the EE obeys a scaling form E A (t) = l A f E (t/l A ), exhibiting a characteristic time scale which grows linearly with l A ; its detailed time dependence shows a fast, sublinear rise at short times, followed by significant slowdown resulting in a very broad shoulder (the broader the smaller α). The EE dynamics can be quantitatively understood by conjecturing that it stems from the relaxation of independent QP modes, each contributing an entropy s eq (k) = (1 + n k ) log(1 + n k ) − n k log n k in the stationary state (generalized Gibbs ensemble, GGE [31]), where n k = β † k β k is the conserved number of QP in each mode fixed by the initial state. One can then postulate the following form
where the sum is restricted to modes k whose wavelength is commensurate with subsystem A (a similar form can be proved to be exact for quenches in one-dimensional free fermions [32]). A simple choice of the f function, f (x) = min(x, 1), produces a very convincing agreement with the LSW data, as shown in Fig. 3(c) . This result finally reconciles the slow EE dynamics with the ultrafast dynamics of correlations and long-wavelength fluctuations in LR interacting systems, by exposing the dependence of the EE on the slow evolution of short-wavelength fluctuations.
Conclusions and outlook. Based on linear spin-wave and density-matrix renormalization group calculations, we have unveiled a scenario of multi-speed prethermalization for lattice spin models with long-range (LR) interactions. Our results reconcile the seemingly contradictory aspects of very fast evolution of correlations and longwavelength fluctuations on a subsystem on the one hand, and of the very slow buildup of entanglement entropies on the other hand. This multi-speed scenario, obtained explicitly for the LR interacting XX model of magnetism, can be easily translated to other models of LR interactions studied in the recent past (especially the transverse field Ising model [8] [9] [10] [11] [12] [13] [14] 16] ), allowing one to reconcile the discrepancy between the correlation dynamics and entanglement dynamics already observed in those systems. In order to reconstruct the variety of characteristic time scales governing the dynamics we offer a detailed diagnostic tool (namely the analysis of the subsystem structure factor) -this is of immediate interest to current experiments on quantum gas microscopes, based on trapped ions [17, 18] or neutral atoms [4, 33] , which have direct access to the diagnostics in question. As an example, the multi-speed dynamics is realized by dipolar interactions in d = 2, which are implemented by magnetic atoms [21] and resonantly interacting Rydberg atoms [22] In this section we prove the following general Theorem. Be H an Hamiltonian admitting a representation as a real-valued matrix on a given basis |φ of Hilbert space, and |Ψ(0) an initial state which has all real coefficients when decomposed on the same basis. Then, for all observables A which are represented as real-valued matrices on the basis, the evolution of the expectation value A (t) = Ψ(t)|A|Ψ(t) is invariant under time reversal, namely
Moreover, if the basis |φ is factorized among subsystems A and B, |φ = |φ
where S A is the entanglement entropy of subsystem A.
Proof. The proof of the above result is readily achieved by inserting resolutions of the identities on the basis |ψ a of eigenstates of H with eigenenergies E a :
where we have introduced the frequencies ω ab = (E a − E b )/ , and the decomposition of the initial state on the Hamiltonian eigenbasis:
with Ψ a = ψ a |Ψ(0) . The matrix elements and scalar products entering in Eq. (A3) are real by hypothesis (because they can always be reduced to products of real coefficients by inserting resolutions of the identities on the |φ basis). Hence the product ψ a |A|ψ b Ψ a Ψ b is symmetric under the exchange of the a and b indices, and therefore the sin(ω ab t) term vanishes, leaving out only the term cos(ω ab t) term, which is even in t.
Given that |Ψ(t) = a Ψ a (t)|ψ a with Ψ a (t) = exp(−iE a t/ )Ψ a and Ψ a ∈ R, one has Ψ a (−t) = Ψ * a (t) -namely time reversal amounts to simple conjugation of the coefficients of the decomposition on the Hamiltonian eigenbasis, or, equivalently, to conjugation of the coefficients of the decomposition on the basis |φ . Consider then the Schmidt decomposition of the evolved state
where λ p ∈ R. If the basis |φ admits the factorized form |φ A ⊗ |φ B , then the basis of the Schmidt decomposition |a p (t) (resp. |b p (t) ) can be decomposed on the basis |φ A (resp. |φ B ) as |a
). The fact that |Ψ(−t) is related to |Ψ(t) by conjugation of the coefficients of the decomposition on the |φ basis implies that ϕ
p,l ) * (t), but that λ p (−t) = λ p (t). Given that the entanglement entropy only depends on the Schmidt coefficients λ p as S A = − p λ p log λ p , we conclude that it is invariant under time reversal.
Discussion
The hypotheses of the above theorem are satisfied by the initial state |Ψ(0) we choose in this work, as well as by the αXX Hamiltonian H αXX , due to its time-reversal symmetry -the basis |φ is just provided by the computational basis of eigenstates of the S z i operators. All the observables of interest to this work -namely correlation functions -also satisfy the hypothesis of real valuedness on the same basis. Finally the computational basis is fully factorized, namely it is factorized for any spatial A-B bipartition.
The above result amounts to say that the Hamiltonians H αXX and −H αXX generate the same dynamics for the observables of interest to this work starting from the chosen state |Ψ(0) . This is a remarkable fact, given that the two Hamiltonians have quite different low-energy properties: H αXX is ferromagnetic and not frustrated, while −H αXX is antiferromagnetic and strongly frustrated due to the long-range nature of the couplings.
Appendix B: Details on the spin-wave approximation
In this section we provide additional details on the semi-classical approximation used to study the dynamics of the α-XX model of Eq. (1) of the main text.
Assumptions behind spin-wave theory
The quench dynamics we studied starts from the meanfield ground state of the α-XX model,
, the chosen initial state does not evolve, because S y j = 0, so that the mean-field Hamiltonian is proportional to the S x i operator. Our semiclassical treatment of the ensuing dynamics (based on linear spin-wave -LSW -theory) goes beyond the meanfield approximation, but it relies on the hypothesis that the full many-body state remains close to the initial state throughout the evolution -in other words, the quantum fluctuations building up on top of the mean-field state are 8 weak at all times. Since the initial state breaks the rotational symmetry of the system -and the evolved state inherits the symmetry breaking -this approach tacitly implies that symmetry breaking is observed at sufficiently low energy in the system, corresponding to the excitation energy of the mean-field ground state with respect to the actual ground state of the system. We shall explicitly test this assumption below.
Finally we observe that any finite spin system, although prepared in an initial state that breaks the symmetry of the Hamiltonian, is expected to undergo a depolarization dynamics which restores this symmetry, and this aspect is obviously not captured by our calculations. Nonetheless the explicit object of our study is not the evolution of the average collective spin -which is absent within our approach -but rather the evolution of the fluctuations around the instantaneous average value, which is therefore tacitly assumed to be essentially independent of the average value; or alternatively it is assumed to occur on much faster timescales than the dynamics of the collective spin. This latter assumption is well justified in the limit N → ∞, as the collective spin relaxes over time scales that grow linearly with system size -reflecting a characteristic energy scale of order O(1/N ) for the collective-spin excitations, related to the so-called Anderson's tower of states [37] . On the other hand, the frequencies of the LSW excitations do not scale with system size, so that the dynamics of fluctuations around the average value can completely decouple from that of the average in the N → ∞ limit.
Details of the spin-wave approach
To describe weak quantum fluctuations around the mean-field state one can introduce the linearized Holstein-Primakoff (HP) transformation, mapping spins onto bosons, and describing small deviations around the mean-field state:
The linearization of the HP transformation to treat the dynamics of the system requires therefore that
2s at all times. To study the dynamics we rewrite the Hamiltonian in terms of the HP bosons dropping all terms beyond quadratic in the b ( †) i 's operators, and obtaining (up to a constant energy that we neglect):
Assuming translational invariance we introduce the Fourier transformed Bose operators
where N is the number of spins, together with the Fourier transform of the interaction γ k = j e ik·rj r −α 0j . With these notations, the Hamiltonian in momentum space takes the form:
with A k = 2sJ(γ 0 − γ k /2) and B k = sJγ k . The above Hamiltonian is then diagonalized by a Bogoliubov transformation [38] :
. Since ω k=0 = 0, the symmetry-restoring k = 0 mode cannot be treated on the same footing as the others. We have simply discarded the k = 0 sector in all our calculations, a procedure which does not affect the results in the thermodynamic limit (an alternative procedure would correspond to gap the k = 0 mode with a term which vanishes in the thermodynamic limit, providing similar results). Finally, we obtain an effective Hamiltonian (dropping a constant ground-state energy):
To obtain the physical properties at a given time t, we work in Heisenberg representation:
where on the last line we used u
Since the initial state is the vacuum of the b's operators, it trivially satisfies Wick's theorem [38] for the b ( †) (0) operators. As b ( †) (t)'s operators are linear combinations of the b ( †) (0)'s, Wick's theorem is then satisfied at any time. As a consequence, in a translationally invariant system all the information required to reconstruct the physical properties is contained in the one-body correlators: 
Maximum group velocity for d + 2 α
Here we calculate explicitly the divergence of the group velocity around k = 0 when α approaches d + 2 from above.
where kx = k · r, and the lattice sum has been approximated with an integral. The prefactor of the 1/ √ α − d − 2 divergence depends on the dimension d. The above calculation shows the expected divergence for α → (d + 2) + .
Validity condition of spin-wave theory
The LSW approach to the dynamics is justified under the condition
does not depend on s, one immediately sees that the spin-wave approximation becomes exact in the limit of large s.
The factor r(t) is generally found to grow with t (see Fig. 4(a) ), so that the worst-case scenario to test the consistency of LSW theory can be found in the limit t → ∞. In this limit, as well as in the N → ∞ one, the r factor takes the form:
where we have replaced sin 2 (ω k t) by 1/2, since oscillations at nearby frequencies are dephased at long times and only the average survives. The momentum integration runs over the Brillouin zone (BZ). Fig. 4 (b) shows r(∞) for finite-size lattices as a function of α in dimensions d = 1, 2, 3, and in the extreme quantum case s = 1/2. To put these results in perspective one can notice that:
zero when N → ∞ at any nonzero k, since γ 0 → ∞ while γ k is finite. On the other hand, B k /ω k has a finite limit for k = 0. As a consequence r(∞) vanishes for α < d, corresponding to a mean-field regime, identical (in the thermodynamic limit) to the α = 0 limit, where the dynamics occurs only in the collective spin k = 0 sector; 2. for α > d, if the exact value of the integral in Eq. (B12) must be evaluated numerically, one can easily identify the condition under which it is convergent in the infrared, validating the LSW approach. Since B k=0 is finite, the condition requires 1/ω 2 k to grow at small k more slowly than
z with z the dynamical exponent, the convergence requires z < d/2. As discussed in the main text, z = 1 for α ≥ d + 2 and z
The convergence is hence always guaranteed in d = 3, in d = 2 for α < 4 (with a logarithmic divergence for α ≥ 4), and in d = 1 for α < 2. Due to the weak logarithmic divergence of r(∞), LSW remains quantitative on sufficiently small sizes for α = 2 in d = 1, and for α > 4 in d = 2.
We notice that the above conditions of validity of LSW theory in the pre-thermalized state are more restrictive than the condition that the theory has to satisfy at zero temperature -which reads z < d, always satisfied in d = 2 and 3, and satisfied for α < 3 in d = 1. On the other hand, the condition z < d/2 is the same as the one guaranteeing the validity of LSW theory at finite temperature T -which requires the thermal correction to the order parameter
to be finite. Even though the pre-thermalized state is not a thermal one, it shares with a thermal state the property of being at finite energy density.
Correlation functions and entanglement in LSW theory
Here we provide more details on the LSW expression for the various correlation functions studied in this work. Making use of Eqs. (B8) and (B1), the structure factor for the z component of the magnetization takes the form:
which corresponds the expression given in Eq. 3 of the main text. A similar calculation for the yy correlations gives:
The calculation of the entanglement entropy within LSW theory is well established, and based on the evaluation of the correlation matrix -we refer the reader to Ref.
[39] for the details. The XX model is a fundamental model of strongly interacting bosons with translational as well as particlehole symmetry. As it displays a gapless spectrum and algebraic correlations, its long-wavelength properties are expected to be correctly described via a quantum field theory in continuum space. In the case of short-range interactions the quantum-field theory corresponds to the quantum O(2) model for a complex scalar field ψ(r, τ ), whose action reads
(C1) The above action can be obtained explicitly [40, 41] by mapping the quantum spins onto bosons via an HP transformation (with quantization axis along z) giving rise to a Bose-Hubbard-like model; using the coherent-state path-integral representation for the partition function of the bosonic model; and applying a Hubbard-Stratonovich transformation via the introduction of the auxiliary field ψ. The case of long-range interactions decaying as 1/r α in the spin model corresponds to long-range hopping in the bosonic model. The Hubbard-Stratonovich transformation leads to an effective action for the auxiliary field with a quadratic part given by [41] 
whereJ
where K is a positive constant such that K + γ k > 0, namely K > max k |γ k |, and γ k is the Fourier transform of the 1/r α interaction. A Taylor expansion of the numerator gives then
In the last term the first part (containing a single spatial integral) reproduces the short-range part of the coupling for the auxiliary field, while the double integral captures the long-range part. Therefore, upon proper rescaling of the coefficients, the inclusion of long-range interactions amounts to adding the v term to the effective action of Eq. (C1).
Moving to k-space and Matsubara frequencies, the action of the long-range interacting system takes the form [42]
where A int contains the terms beyond quadratic, and action can be treated within the Gaussian approximation [43] (which represents the field-theory analog to the LSW approach we relied upon); in this case a RG treatment by simple dimensional analysis shows that the longrange interaction term v q σ is relevant (and the q 2 term irrelevant) when σ < 2, namely for α < d + 2. Under this circumstance the quantum field theory loses therefore Lorentz invariance, and z = σ/2 < 1 acquires the role of new dynamical critical exponent.
As it is not our purpose to investigate the quantum critical point of the long-range quantum O(2) model, we can stop our analysis at the level of the Gaussian approximation. In the case of the long-range quantum O(1) model -describing the quantum phase transition of the long-range Ising model in a transverse field -a perturbative RG analysis can be found in Ref. [16] .
Appendix D: Pre-thermalization dynamics in a subsystem
The LSW approach, neglecting interactions among the spin waves, is unable to describe a true thermalization process. This is explicitly manifested in the expressions in Eq. (B8), (B14) and (B15): the different Fourier components of the structure factor show persistent oscillations at a frequency 2ω k without any form of relaxation. Nonetheless, if one looks at the structure factor in a subsystem, the dephasing of oscillations at nearby frequencies leads to a pre-thermalization process, driving the subsystem towards a generalized Gibbs ensemble [31] , with a different (generalized) "temperature" for each k component. It is the purpose of this section to provide additional details on this pre-thermalization dynamics.
Relaxation of the fluctuations in a subsystem
Considering a subsystem A, it is convenient to introduce a weight function w A (i), weighting sites i belonging to A. If A contains N A sites, the most obvious choice is w A (i) = 1/ √ N A if i ∈ A and 0 otherwise, but the following expressions are more general. The structure factor for the fluctuations of the spin component S β in the subsystem A then reads :
where we have introduced the form factor
Typically, if A has linear size l A , f A (q) selects wavectors in the range k ± ∆k with ∆k ≈ π/l A . Let us first consider the case d = 1, postponing the case d > 1 to the next subsection. If w A (i) selects sites inside a segment of length l A , one has
and f A (k = 0) = l A . The relaxation of the fluctuations at wavevector k in a subsystem then results from the dephasing of nearby frequencies around the "carrier" ω k . One expects such a dephasing mechanism to be effective after a timescale given by the inverse bandwidth of the frequencies involved in the subsystem dynamics, namely
with v G (k) = dω k /dk the group velocity. One thus recovers the typical timescale for the damping of subsystem fluctuations at wavevector k as discussed in the main text. More quantitatively, in the limit N → ∞, one has
For a sufficiently large A subsystem, f A (q) is peaked around q = 0, with BZ (dq/2π)f A (q) = 1. It is therefore legitimate to approximate f A (q) by a simple step function f A (q) = l A for −π/l A < q < π/l A and f A (q) = 0 otherwise, as illustrated on Fig. 5 . Within this approximation, one obtains From Eqs. (B14) and (B15), one sees that the structure factor S ββ (k) has the form
E.g. for β = z we obtain:
As the strongest dependence of S ββ (k + q, t) on q comes from the cosine term, in the integral over q we can approximate all other q−dependent terms with their value at q = 0. This reduces the calculation of Eq. (D6) to the following integral:
This leads to Eq. (5) of the main text (for the case d = 1). We observe that the damping term sinc(πt/t * k ) comes from the dephasing of nearby frequencies, leading to an effective pre-thermalization within the subsystem.
As illustrated in Fig. 6 , Eq. (5) of the main text reproduces perfectly the relaxation dynamics up to t = t * k . At t > t * k , the approximate expression of Eq. (5) 
Multi-speed relaxation for d > 1
The above considerations generalize readily to the case d > 1. Considering a (hyper-)tetragonal subsystem of size l A,1 × l A,2 × . . . , one obtains Eq. (5) of the main text, which we repeat here for completeness:
(D10) with t * k,a = l A,a /(2∂ ka ω k ). The sinc term leads therefore to damping of the oscillations on a characteristic time scale t * k = min a t * k,a . An important qualitative difference with respect to the 1d case is that, even if the dispersion relation is linear at low frequency, ω k = ck (as it is found for α > d + 2), the group velocity has several components v G,a (k) = ∂ ka ω k = ck a /k, and the minimal t k,a depends on the orientation of the k vector with respect to the coordinate axes of the subsystem. In the case of an hypercube l 
which, depending on the orientation of k, ranges between l/2c and (l/2c) √ d.
3. Scaling forms for the evolution of the collective spin on a subsystem
We have seen in the main text that the evolution of the subsystem structure factor at k = 0 for the z spin component is compatible with the following Ansatz for the evolution of the variance of the collective spin component S z A -namely, a volume-law scaling at all times (including the initial state).
On the other hand, the variance of S y A is found to relax towards a super-extensive value ∝ l d+2z A -while it obeys a volume-law scaling in the initial state at t = 0. At thermal equilibrium LSW predicts the same super-extensive scaling, which is therefore expected to hold for temperatures compatible with spontaneous symmetry breaking (namely, the hypothesis underlying LSW theory). The following scaling Ansatz (S 
regroups together this observation as well as the divergence of the group velocity, and it is found to be verified by the LSW data, as illustrated on Fig. 7 for α = 3 in d = 2. Incidentally, this scaling form demands that 2z be smaller than d, as it is impossible that the collective spin fluctuations scale faster than the square of the volume, which the same criterium of stability of LSW approximation, required by the convergency of the r ∞ in Eq. (B11).
Mode-decomposition Ansatz and short-time behavior for the entanglement entropy
In this section we provide more details on the modedecomposition Ansatz for the entanglement entropy, Eq. (6) of the main text. Its strict validity -even in the context of the LSW approximation -can only be assumed in the limit in which subsystem A becomes very large, so that the subsystem excitations can be identified with those excitations of the bulk system whose wavelength is commensurate with the linear dimensions of the subsystem itself; and the populations of the subsystem modes can be deduced from those of the bulk excitations, as fixed by the initial conditions of the quench. In order to minimize the finite-size effects of subsystem A, its ideal geometry is that of a slice of a
(l A < L 1 ). In this case finite-size limitations to the applicabiity of Eq. (6) only appear in the "short" direction (of length l A ) which is perpendicular to the A-B cut -this particular geometry is also very helpful in the numerical calculation of the entanglement entropy, as the correlation matrix necessary to reconstruct it [39] is block-diagonal in the wavevector longitudinal to the cut. In this geometry, for d > 1 the time scale t * k associated to the buildup of the entropy in mode k is to be modified to t * k,⊥ = l A /2|v ⊥ |, where polarized state | ↑ x ⊗N used in the LSW calculations. This choice facilitates significantly the DMRG calculations, allowing us to restrict the time evolution to the S z = 0 sector. We then studied the unitary dynamics generated by the Hamiltonian H αXX for several values of α in the range [1.5, 2.5]. The time-evolution is based on a Runge-Kutta 4th order scheme, with a time step of δt/J = 0.05. We used a variable number of states (up to 800) in order to keep the truncation error smaller than 10 −5 at each time step.
